Abstract
Introduction

24
Rising public expenditure on health care systems has led many governments to apply budgetary pressure 25 on hospitals to rationalize their spending [1] . At the same time, competition in hospital services is employed 26 in many countries as a mechanism to motivate hospitals to reduce costs in order to remain competitive [2] . Patients are assumed to arrive at the hospital according to a time-homogeneous process where both 27 inter-arrival time and LOS are random. Furthermore, patients can be grouped into types such that each 28 type prefers admission to a specific nursing ward. However, when capacity is insufficient, patients must 29 not be made to wait for a bed, but be relocated to a ward where capacity is available. In addition, a 30 certain fraction of the patients prefer admission to a private room, whereas the remaining patients have no 31 preference concerning whether their room is private or shared. These assumptions are elaborated upon at 32 greater length later in Section 3.2.
33
Formal Definition 1
Formally, a hospital setting is considered which features a set of wards W, |W| types of patients, with 2 each type preferring admission to a unique ward i ∈ W, and a set of room types R. Let u ir ∈ N 0 define the 3 number of rooms of type r ∈ R that have been allocated to ward i ∈ W and b r ∈ N 0 define the capacity 4 associated with each room type. Further, let set R feature a subset of room types for which b r > 1, and a 5 private room type where b r = 1. Finally, let N r ∈ N 0 define the available number of rooms of type r ∈ R, 6 and M i ∈ N 0 define the aggregated capacity of each ward i ∈ W. Then, 7 i∈W u ir = N r ∀r ∈ R
and,
Now, let u define a matrix of the elements u ir ∀i ∈ W, r ∈ R, and define:
9
• f (u) yields the expected total number of patients relocated to an alternative ward per day, an altern-10 ative ward being defined as a ward having spare capacity.
11
• g(u) yields the expected total number of patients who prefer a private room and are correspondingly 12 assigned to one.
13
Let τ ∈ R >0 denote an upper bound on f (u) ensuring that a substantial number of patients will receive 14 their preferred care. The objective of this study is therefore to derive a configuration of the room types, u ir ,
15
that fulfills,
16
Maximize g(u)
Subject to f (u) ≤ τ (4) i∈W u ir = N r ∀r ∈ R (5) r∈R u ir b r ≥ 1 ∀i ∈ W (6) u ir ∈ N 0 ∀i, r ∈ W, R
The aim of formulation (3)- (7) is to attain the maximum expected number of patient-room preference 17 matches, subject to a limited number of relocated patients (Constraint 4), a fixed capacity of each room 18 type (Constraint 5) and an assignment of minimum one room per ward (Constraint 6). The evaluation of g(u) and f (u) depends on an explicit modeling of the admission process' related 2 queueing system that arises from the random arrival and room occupation of patients in nursing wards. Due 3 to the complexity of this queueing system (cf. Section 3.2), optimization problem (3)-(7) cannot be solved 4 to optimum without complete enumeration. Therefore, this study proposes a heuristic search procedure. An 5 outline of our approach is presented in Figure 1 with references to the sections associated with each model derive the expected room occupancy. The CTMC model will be presented in Section 3.2. Since the CTMC
13
is computationally expensive, Section 3.3 presents a core element of our heuristic search procedure, an 14 approximate, fast, surrogate objective function. Finally, given that patient behavior is considered to be 15 exclusively dependent upon aggregated ward capacity, the room configuration can be derived with Integer
16
Linear Programming (ILP). The precise means by which this is achieved is detailed throughout Section 3.4.
17
Lastly, note that an overview of mathematical notation is presented in Table 9 of Appendix A. Consider a given room configuration u and recall capacity constraints (5) and (6). Now, consider the 2 solution space U resulting from these constraints, and let Y f (u) and Y g (u) yield estimates of f (u) and 3 g(u) based on an interpolation of some known solutions in this space. Let x define the set of these known 4 solutions and Z(u) define a probability mass function that corresponds proportionally to Y g (u) and sums 5 to unity. Then, in order to approach the configuration of rooms that attains the maximum of g(u), the 6 following stepwise procedure is considered: with (4), and calculate g(u ) and f (u ).
13
6. If the elapsed time exceeds the fixed time limit then stop; otherwise return to step 3.
14
The procedure is initialized by requiring that x contains the |W| extreme points in which all room types 15 have been moved to a single ward, respecting lower capacity bound (6), and thus ensuring that all room 16 configurations are included in the interpolation. Next, x is expanded and a basis for the interpolation is 17 created by sampling uniformly from U .
18
By applying this procedure, Y g (u) recursively approaches g(u) in the space constrained by (4)-(7). No- When the sampling based on Y g (u) is rather widespread, the probability mass is concentrated upon the 24 promising regions by performing the conversion
β , where β ∈ R ≥1 , thereby amplifying the 25 curvature of the interpolation. However, this still requires an initialization of Y g (u) based on uniformly 26 distributed solution-evaluations throughout U . In other words, runtime is potentially wasted in regions that
27
are not relevant to the objective. To overcome this, letf (u) andg(u) define surrogates of functions f (u)
28
and g(u) that have similar optima, but shorter evaluation times. Thus, by conducting the initialization 29 using the surrogateg(u) and then switching to the true objective function, g(u), for the remaining steps,
30
the true, and slower, solution-evaluations are only performed in the most promising region of the search 31 space.
32
Letx define the set of configurations that have been evaluated using the aforementioned surrogate func-33 tion. Then, as the search procedure progresses, the interpolation will be derived on the basis ofx as well 34 7 as the gradually increasing set x. Now, to ensure that x can replacex in a limited number of iterations, 
Y ← exponentiate(Y ) Exponentiate the interpolation 6:
x ← addN ewSample(Z, 
where w ij is the number of type i patients hospitalized in ward j, with i, j ∈ {1, 2, · · · , |W|}. Let f j define 14 the number of free beds in ward j, so 
20
Let q ss * define the rate at which the system transitions from a current state s ∈ S to a new state s * ∈ S.
where all other transition rates q ss * = 0 for s = s * , and the diagonal elements q ss = − s * ∈S\{s} q ss * .
5
The fraction p(
indicates the arrival of patient i to a ward j, and the change s Let π i (n) define the probability of exactly n ∈ N 0 patients being hospitalized in ward i ∈ W; 0 ≤ n ≤ M i . an arriving patient. The probability that the patient prefers a private room is ψ ∈ R 0≤ψ≤1 . Now, consider 19 that n patients have been admitted to ward i ∈ W. Let P i (y a , y b ) define the probability that of those 20 n patients, exactly y a patients prefer a private room and y b = n − y a patients have not indicated their 21 preference. Then,
where
is the probability mass function of the binomial distribution with n = y a + y b trials, and success probability 24 ψ. Further, let ρ i (y a ) define the probability that exactly y a beds are occupied by patients who prefer a 25 private room, and that the occupied beds can be located in both private and shared rooms. Then,
which from (8) results in: 
following objective function:
where u i,private is the number of private rooms allocated to ward i ∈ W. Notice that g(u) is, in essence,
13
independent of the characteristics of the shared room types. Regarding f (u), which ensures an upper bound 14 on the number of relocated patients through (4), the overall flow of patients into the hospital is of more 15 concern. Consider blocking probability π
denotes the total expected number of patients who are rejected and correspondingly relocated upon arrival.
17
Figure 2 depicts the dependencies between the CTMC and Expressions (12) and (13), respectively. Notice 18 that the behavior of the system, as evaluated by the CTMC, depends only on the aggregated capacity. This 19 feature will be exploited in the search procedure using ILP modeling introduced in Section 3.4. 
whereπ i (n) is the probability that exactly n ∈ N 0 patients are hospitalized in ward i ∈ W [24, p. 434].
6
Equation (14) is therefore an approximation of π i (n), which accuracy decreases as more patients are relocated 7 within the system. Correspondingly, if all patients are lost from the system on arrival, then Equation (14) 8 substitutes for π i (n) exactly. f (u) may therefore be approximated by:
Similarly, in the surrogate for g(u),π i (n) is employed to approximate (11) by,
which is then used to substitute ρ i (y a ) in Equation (12), leading tog(u). Notice that when (14) replaces 11 π i (n) from the CTMC, the computational effort of setting-up and applying successive over-relaxation is 12 avoided which is the proposed approach to the global balance equations, πQ = 0 [23]. As a result, the 13 search procedure is scoped rather quickly by creating an initial outline of both f (u) and g(u). 
Sub-Optimal Room Configuration
1
Recall the dependencies in deriving functions f (u) and g(u), depicted in Figure 2 . We only require the 2 aggregated capacity M i to evaluate the system through the CTMC. Not until then is the room configuration 3 u applied to the patient occupancy distribution ρ i to derive the objective value g(u). Hence, by assuming 4 a fixed aggregated capacity, M i , the problem of maximizing g(u) reduces to an ILP model.
6
Let R define the set of shared room types. That is, R ⊂ R and |R | = |R| − 1. Further, let set 7 J i = {0, 1, 2, . . . , M i } account for the number of beds that can be assigned to private rooms in each ward 8 i ∈ W. Additionally, let the decision variable z ij ∈ {0, 1} equal 1 whenever ward i ∈ W is assigned j private 9 beds, where j ∈ J i ; and otherwise 0. Further, let parameter ω ij ∈ R ≥0 define the expected number of 10 patients who both prefer and are also assigned to private rooms in ward i ∈ W, given that j private rooms 11 are available in this ward. That is, following the convention in Equation (12),
where as before ρ i (k) is derived using Equation (11), resulting in the objective function i∈W j∈Ji z ij ω ij ,
13
which yields exactly the same result as Equation (12).
14 Lastly, let N private define the available number of private rooms, and y ir ∈ N 0 the number of shared 15 room types r ∈ R assigned to ward i ∈ W. A feasible room configuration can then derived by employing 16 the ILP model:
Constraints (19)- (22) are defined as follows:
• (19) ensures that each ward receives a fixed amount of private beds.
4
• (20) ensures that the distribution of the aggregated capacity is maintained, keeping the parameter ω ij 5 valid.
6
• Finally, (21) and (22) restrict the maximum occurrence of each room type. Recall that N r defines the 7 total number of room types r ∈ R available to the hospital.
8
By evaluating π i (n) andπ i (n), using the aforementioned CTMC and Equation (14) , ILP formulation 9 (18)-(24) can be employed to yield the optimum room configuration conditioned by the distribution of the 10 aggregated capacity. Therefore, instead of evaluating based on the room configuration directly, this feature 11 is exploited in our heuristic search procedure by applying aggregated capacity M i as the decision variable.
12
Recall Algorithm 1, where x andx contain the samples for which the true and surrogate functions 13 have been evaluated, respectively. By applying the aggregated capacity to x andx, the associated room 14 configuration is derived as follows: 2. Calculate f (u) andf (u); and derive the sub-optimal room configuration which maximises g(u) and 
Numerical Study
19
In this section, the RIS heuristic presented in Section 3 is evaluated in a range of numerical experi-20 ments to assess its performance. These experiments are conducted on hospital data introduced by Andersen 14 |R| = 2).
15
All experiments primarily consider a dataset referred to as the original set, which is based solely on true 16 patient data. Two additional sets, high arrival rate and high relocation, are derived from the original data 17 by adjusting the arrival rate and routing probability parameters, respectively. These additional sets are 18 included to assess the potential changes in patient characteristics. In addition, since no data was obtained 19 concerning the proportion of private patients, a value of ψ = 0.2 is assumed, unless otherwise stated.
20
The parameters associated with each dataset are presented in Tables 1 and 2 . Furthermore, the initializ- 
Error of the Surrogate Function
1
Prior to evaluating the heuristic search procedure, an assessment of the error of both surrogate functions 2 was performed by conducting a full enumeration of the search space. In order to accommodate this, room 3 availability was limited to N private = 20 private and N double = 10 shared double rooms for the high arrival 4 rate and high relocation datasets. Otherwise, the full availability of rooms for the original dataset was 5 employed. The enumeration was conducted using the parameters from all three datasets (Table 1 and 2) on 6 both the true functions g(u) and f (u), and surrogate functionsg(u) andf (u). Results were evaluated by calculating the error and comparing each functions' optimum. Table 4 presents 8 the euclidean distance between the optima of g(u) andg(u). Notice that this is measured on the distribution 9 of the aggregated capacity given that this is the primary decision variable. Table 4 are high, or if the wards lack capacity. The latter situation is reflected in Figure 4 , showing that the error 7 is smaller when the capacity is more evenly distributed, thereby resulting in fewer relocated patients.
8
Regarding the routing probabilities, Table 4 demonstrates how the relative error is fairly robust with 9 regard to the changes between the original and high relocation datasets. However, the optima have changed number of patients can be relocated within the system, the RIS heuristic has to adapt interpolation Y g (u)
12 to objective function g(u) despite an inaccurate surrogate function. 
Evaluating the RIS Heuristic Parameters
1
The implications of adjusting the essential parameters are now explored. That is, the number of initial 2 surrogate samples from the search space, the size of the exponent β, and the proximity tolerance ξ. All 3 these parameters have been tested sequentially on the original data.
5
The results from adjusting the initial surrogate sampling is presented in Figure 5 ,
10
By considering the strategic application of the RIS heuristic, we deem that the associated runtimes 11 are fairly negligible, and since the apparent optimum does not change substantially after obtaining more 12 than 20 samples, we deem that this is an adequate number of samples for our later optimization experiments. to the optimum, whereas in the last experiment, where β = 16, samples are concentrated on the apparent 8 optimum with only a few outliers. Based on these experiments, a value of β = 8 is employed to focus on 9 the most promising region of the search space, but still attains some diversification.
Lastly, the effect of adjusting the proximity tolerance, ξ, was assessed using values of 1, 4 and 8. The 
Applying the RIS Heuristic
7
The full RIS heuristic is applied to the data presented in Section 4.1 based on the tests from Section 8 4.3. We begin by presenting an example of a single heuristic run, where gradually-obtained solutions are 9 compared against the true optimum.
10
Overall performance is assessed by way of a number of experiments which compare the heuristic's solu-11 tions to the true optimum. Since no data was obtained concerning preference for private rooms, proportion 12 ψ is investigated using three different levels. Furthermore, the robustness to changes in the patient arrival 13 rates and relocation probabilities is of interest. Experiments will therefore be conducted on all three datasets 14 (cf. Furthermore, since robustness regarding changes in the patient characteristics is of particular interest, 7 similar runs were conducted for the high arrival rate and high relocation datasets. However, in order to 8 determine the optima for these additional tests, the room availability was limited to N private = 20 and 9 N double = 10 rooms. Due to the reduction of feasible ward capacity configurations, the relocation bound to 10 yield the maximal search space was omitted, and the runtime decreased to 10 minutes.
12
The results for the original dataset are presented in Table 5 , featuring first the heuristic room configur-13 ation for private rooms, u i,private , and shared double rooms u i,double . Next, are similar across all runs. This is potentially a result of the relative difference between the arrival rates of 21 each patient type, which shall be assessed in the last part of this section, where the arrival rate has been 22 increased for ward 1.
23
In general, the experiments presented in Table 5 that increasing the number of arriving patients does not affect the search procedure's performance.
5
Next, for a substantially larger number of relocated patients it is expected that more iterations are re-6 quired to adapt the interpolation and obtain useful solutions, due to the lower accuracy of the surrogate 7 objective function. Recall how it was previously determined that a substantial distance is present between Table 6 : Results of applying our RIS heuristic to the high arrival rate and high relocation datasets. Variables ui,private and u i,double are abbreviated ui,pr. and u i,do. for all wards i ∈ W. The room availability was limited to Nprivate = 20
and N double = 10 rooms. Due to the limited search space, all runs were conducted without the relocation bound and a runtime of 10 minutes.
in the sense that it only considers arriving patients on the present (simulated) day. This contrasts with the However, no such pre-registration information is considered in the scope of the present paper.
The reactive patient assignment ILP model can be defined as follows. Please note that due to the 6 extensive use of mathematical symbols in the paper, this section redefines variables and indices used in the 7 previous sections. We refer to Table 10 in Appendix A for a complete overview of the notation relevant to 8 this subsection. Let binary decision variable x pr equal 1 if patient p (which either arrived on the current day,
9
or is still present from previous admission) is admitted to room r. Let binary decision variable y rd equal 1 10 if the room is occupied by male patients or 0 by female patients on day d. Let r = ∅ denote a dummy room, 11 where x p∅ = 1 indicates a patient being refused (or being relocated to a ward which is not considered in the 12 current problem). R denotes the set of rooms available from the wards in W, and b r denotes the capacity
13
of each room r ∈ R, i.e. in the current dataset b r ∈ {1, 2} (private or shared). P denotes the set of patients • (1 − p ij ) · w reloc , a relocation penalty if the assigned room is not in the preferred ward (refer to Table   8 2 for values of p ij ),
9
• w ∅ , a refusal penalty if the patient is not admitted to any room from wards W, and is left unassigned.
10
In this case, the patient is assumed to be admitted elsewhere.
11
These weights are set as follows: w ∅ = 10000, w reloc = 1000 and w pref = 10.
12
Using this notation, the ILP model can be formulated as follows:
p∈P : d<ad(p)+elos(p) p=male
p∈P : d<ad(p)+elos(p) p=female
x pr ∈ {0, 1} ∀p ∈ P, r ∈ R ∪ ∅ (31)
The model minimises the total cost penalties incurred by the assigned and admitted patients, weighted 14 by their remaining length of stay (Equation (25)). Constraints (26) ensure that all patients are assigned 15 to a room or to the dummy room. Constraints (27) ensure the capacity limit of each room for each day of The simulation was run on the three datasets described in Section 4.1. Room configurations RC1 and 5 RC2 depend on the dataset, and are constructed as described in Table 7 . Furthermore, the fraction of male 6 patients among all patients (other patients being female) is considered as an additional parameter (denoted 7 by φ) since this fraction may be ward-dependent. The simulation runs over 120 simulation days during 8 which arrivals are generated. For each combination of the considered parameters (fraction of male patients, 9 dataset and room configuration), we ran 1000 simulation replications.
10
The results (averaged over 1000 replications) are summarized in Table 8 , showing for each dataset
11
and male patient-fraction, the difference between RC1 and RC2 (value larger than 0 if RC2 is better) in 12 respectively room preference penalties, patient relocations to other wards, patient refusals, and the global 13 objective value as defined by Equation (25) calculated over the simulation horizon of 120 simulation days.
14 Finally, the difference is statistically significant by a p-value from the Wilcoxon Rank Sum Test [26, 27] .
15
Notice that all p-values are indeed smaller than 0.05.
16
These results show that RC2, while sometimes having a marginally higher number of patient refusals, 17 the penalties of mismatched room preferences (our primary concern) and patient relocations, on average,
18
greatly improves over RC1. This validates the assumption that an improved room configuration (i.e. RC2 
Conclusion
21
The ability to choose a private room over a shared room is becoming an increasingly important factor 22 for patients to choose a hospital for admission. This study sought to provide hospital decision makers with a strategic tool for improving the allocation 3 of room types among hospital wards. More specifically, the aim was to accommodate patients who prefer 4 private room assignments, by first assuming a fixed number of room types, and second that these room 5 types can be reallocated among the wards.
6
The proposed approach is based on a continuous-time Markov chain model that derives the patient oc- by sampling from the search space based on a gradually improved interpolation of the objective function.
10
The fact that occupancy distributions are fixed for an unchanged aggregated capacity is exploited in order
11
to derive the sub-optimal room type configuration using integer linear programming. Consequently, aggreg-12 ated capacity allocations form the primary decision variables for the proposed RIS heuristic to operate on.
13
This results in reducing the search space for the RIS heuristic by omitting room type configuration decision hospitalization, the overall arrival rate, and lastly the number of patients relocated within the system. In a 19 computational study, it is shown that the RIS heuristic has the potential to derive near-optimal solutions 20 that attain relative gaps below 1% within short runtimes which make the method applicable in practice.
21
Moreover, it was demonstrated how configuring room resources on a strategic level benefits the day-to-day 22 decisions of assigning patients to rooms through simulation. R, R Set of all room types (R) and shared room types (R ).
u, u ,ũ g ,ũ f , uir Room configuration (u), as a new iteration (u ), surrogate optima (ũ g andũ f ), and as a single element (uir).
br Bed capacity of room type r.
Nr Total number of room type r that are available to the hospital. β .
x,x Set of all known true (x) and surrogate (x) solutions.
Z(u) Probability mass function used in sampling from the solution space.
β Exponent used in performing the conversion Y g (u) = Yg(u) β .
ξ Proximity tolerance used in removing surrogate solutions fromx.
S, s, s *
State space (S), current state (s) and new state (s * ) of the CTMC.
wij Number of type i patients hospitalized in ward j.
f j Number of free beds in ward j.
λi, µi Arrival and service rate for patients of type i.
p(f 1 , f 2 , · · · , f |W| )ij Fraction of type i patients routed to ward j as function of the number of free beds.
Q, qss * Transition rate matrix (Q) and single transition rates (qss * ).
π, πi(n),πi(n), π
State distribution of the CTMC (π), ward marginal probability (πi(n)), ward surrogate marginal probability (πi(n)), ward blocking probability (π Pi(y a , y b ) Joint probability of y a and y b for ward i.
B(y a , n, ψ) Probability mass function of the binomial distribution.
ρi(y a ),ρi(y a ) Probability that y a beds are occupied by patients who prefer a private room (ρi(y a )), and the associated surrogate probability (ρi(y a )).
zij Binary variable equalling 1 whenever ward i is assigned j private beds.
ωij Expected number of patients who prefer and are assigned to private rooms in ward i with j available private rooms.
Ji Set of all combinations of private beds that can be assigned to ward i.
yir Number of shared rooms of type r assigned to ward i. r Room index.
∅ Dummy room index.
R Set of rooms available in wards W.
br Bed capacity of room r.
ad(p) Arrival day of patient p. cpr Cost-matrix values, attributing a perceived penalty associated with assigning patient p to room r.
w pref Room preference penalty when the assigned room type does not meet the patient's preference.
w reloc Relocation penalty if the assigned room is not in the preferred ward.
w ∅ Refusal penalty if a patient is not admitted. 
